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1. Basic Theory !

One of the first problems encountered when designing e sample is to
detérmine.what criterion to use as a basis for selecting the'sample units. L
For example, should the sample units be selected with equal probabil;ties,
or ﬁith unequel. probabilities based on some measure of size? A typical
prob;em is encountered when deciding how to obtain a sample of limbs in a
fruit or nut tree for the purpose of estimating the total mmber of fruit oré
nuts in the tree. The production per tree is one of the most important come"
ponents in & forecasting model designed to estimate totél production.

A number of research studies have been conducted to determine the most
efticient criteria on which to base the sample selection. The limb cross-
sectional area (CSA) has been found to show a good correlation with the number
of fruit on the limb. The CSA is currently used in several operatioﬁal surveys
as a measure of sgize for limb selection.

The "random path" PPS method of limb selection as described by Jessen (1955)
is commonly used. This method is primarily used when obtaining a sample of
only one limb per tree. However, when the sampie design makes it necéssary %o
obtaln more than one sampling unit per tree, it is not cleai how theisample
should be drawn, and what form the estimator should take.

In recent years, a large number of selection procedures and estimators
have been proposed for sampling with unequal probabilities without replacemeﬁt
when the sample size is greater than one. These were reviewed with the intention
of finding one that was both efficient and practical for estimating:the number
of fruit or nuts in a tree. The following paragraphs outline the basic theofy -

then an estimator is suggested.

i




g

It should be stressed at this time that the success of PPS sampling
depends heavily on the reliability of the messures of size. If these are

poor, i.e., the limb CSA is not correlated with the number of fruit, it may

~be no better than sampling with equal probabilities. In fact, the magnitude

of'  the correlation coefficient between y (number of fruit) and x (measure of

size) may be unity, and yet PPS sampling may be worse than sampling with eqpal

- probabilities. This can occur when there is a negative correlation between

y and x. Des Raj (1yo8) discusses these problems and suggésts some methods
for determining whether PPS sampling would be appropriate.
Several terms will be repeated so their definitions follow. |
1. 4 = The probability that the 1®® wnit is included in a sample
selected without replacement (wtr).
2. 4+ = The probebility that unit (1') is included in the sample (wtr).
3. 41 = The probability that both units (1) and (1') are included
in the semple (wtr).
4. Pjy = The probability that the J'¥ terminal unit from the i primary
unit was drawn into the sample.
5. P;(JJ*') = The probability that both terminals j and j' were selected
in the 1%B primary unit.
Primes attached to the subscripts will be used to identify the different
sample units within a selection stage.
The general theory was first presented by Horvitg and Thompson (1952).

Yates and Grundy (1953) added to this theory by suggesting a variance estimator.

. The theory applies for any sample size, but only the special case where n = 2

will be discussed. The application of the principle to a single stage case

will be ﬁiscussed first and will be extended to a two-stage sampling scheme. .




Suppose that two units are chosen with probabilities of inclusion Tr:.

and Tri', respectively, and with a joint probé.bility of inclusion“frii..

A
Then an unbilased estimator of the population total is ¥ = .._y.-’.L... _;..,_:.".'. and
LES it

o A ﬂmt - 'mil ¥y Yyt 2
EST. Var (Y) = T T - oo

This expression for the estimated verlance may be negative unless the
sampling scheme requlres that Tf;_ .n’i' 7']];1.. An sdditional problem is the
requirement of the knowledge of Tri, Ty, enda Tige, The calculations for'
obtaining these can become quite cumbersome, egpecially if the sample size t
is greater than two. Therefore, a procedure often used in prac‘bica;l situations
is to sample in several stages with a sample of size two in each stage.

For example, suppose that two first stage units (primary limbs in the
case of fruit vor' nut trees) are selected with probabilities of inclusion
Tl"i, Ti», and Joint probability 77’11'.' Then within each selected first
stage unit, a sample of two second stage units (terminal limbs) are selected
with probabilities Pi;j, Pi 3 and Pi( 33, regpectively. An unbiased estimator
of the population total is then

P

R PO/ F L I Y (L R P L
1\ P Pigr ) Wi \Firg * Pyegn

wvhere ¥1iJ is the value attached to the ,jth unit in the prima.ry To

y A A
simplify the notation, let Z’l-l + 13 = Yy and Zi'j + yi'.L = Yit,
Pid Pi;)! . Pi',‘j Pi'J'

Also consilder the totel number of primery units to be N, and the total numbei}

of seconcia.ry units within each primary to be Mj.
{
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Then Y = EE_ + 311 and
v Tri ' Tﬂi'
A it A | i* [y
, 1
Var (Y) = Var = E (Y + E |Var ' ~
' EE: LLE! 1] 4 %F T |
‘ A .‘ |
- Since ¥y is an unbiased estimate of the primary total Y; we get
A iy i 10 ¥ ¥s 4
var (Y) =var |3 2l + B[S =" (B, P.v-B,..)| o iyt
‘ i i 133¢ - 1
| T ] alLLE J "1 JYN By 130
N Y Y, )2
- : ( ,_ ) ._.L - ————i + l
iZ'tﬁ;' YT:L Tri' -ﬂ-:‘l.i' “'i .“-i' ( )
N 1 [ M ' ¥y iyt -
= (P,, P,yg = P ) p-P B b (2
2 T %:—d:r Py Frr T T \ By T OF (2)

Notice that Var (Y) is two components:

(1) represents the sempling veriance due to selecting primaries.

(2) represents the sempling veriance due to subsampling within each

primary.

Durbin (1953) suggested a rule for estimating the variance from & sample
iﬁ the ﬁwo stage case. His procedure is based on the general theorém on
conditional ?ariances which is as follows: E

"The total variance in two stage sampling is the sum of two parts. The
first part is equal to the estimate of variance calculated on the a§sumption

that the first stege units have been measured without error. The second pait




by the probability of that unit's inclusion in the sample."

is ealedlated as if the first stage units selected were fixed strata; the
contribution to the variance from each first stage unit being multiplied b

)

. Using this rule we get

y,  4.\e
3 Mo w Magr)f 3y Yys

i1t T Thir

A
EST. Var (Y) =

i

1
~ T CuPag-Paen [ Y
T P15t A\ Py By

This method appears to be fairly straight forward. However, as mentioned

earlier, the calculations of the TG_. s, TE.:L", !".1 3

s and Pi(,j.j‘) can become

complex and lengthy.

Considerable research has been conducted in an attempt to find ways of
calculating the necessary probabilities to use in the above estimators.

A number' of different sampling schemes and estimators have been develoﬁea.
An empirical stuly by Reo and Bayless (1960) compared several of the available
procédures. Their criterion for including a sampling scheme in their study
follows:

(1) - The veriance estimator should be less than the estimate provided b”y

sampling with replacement.

(2) A non-negative, unbiased variance estimator should be gvailable.

(3) Computations should not be complex and lengbhy.

They concluded that an estimator developed by Murthy (1957) is preferable
over the other methods when a consistent estimator as well as a stable variance
estimator are required. The efficiency of his estimator compares favorably :
with other methods.




The sample selection procedures are fairly straight iorward.

(1) Select a PPS sample of size unity from & random array of %he

vopulation, and remove the selected unit iyom the population.

(2) ‘Take a PPS sample of size unity from the units remaining in the

populatvion. Remove the selected element from the popwlatvion. | |

(3) Contiﬁue this procedure until n selections are made. This will

glve a sample selected without replacement and with upequal pro=-
babilities. The 1%8 gelection is made with probabilities propor-
tionate to the size of the remaining elements. '

For n = 2, an unblased estimator of the population total based on the
order th? sample was drawn is y, = ;2 (. -~P1) (Des RaJ, 1968). P, and P,
are the original probabilities of selection as defined below.

Murthy (1957) proves that corresponding to any biased or unbiaséd

ordersd estimator, there exists an unordered estimator that is more efficient

than the former. FPFirst he considered the probabilities associated with the

units drawvn.

For n = 2

P, = Probability that wnit 1 is drewn first is i

2%

P, = Probability that unit i' is drewn Pirst is e
2%y
P P
13717?17 = Probability that unit i is drewn first and unit it
second.
P P
PSQ = zirf:*ﬁg) = Probability that unit i' is dvawn first and unit i

second., .




PpPp BBy .
s =TT = Pl) + T = Tp) = The probability of selecting 1 and i

disregarding the order drawnm.

A
Yo = unblased estimate based on order in which sample was drawn.

Yu. = unordered unblased estimator

A Y. -
If unit i was drawn first and unit i' second Yoi = yl-l- =2 (L - Pl).
2

. A Y
If unit 1 is drewn first and i second, Yo ¢ = y, + ?E’: (1 - By).

A

Then Yu = ¥, + _1()_...___._...1) L H(vp v Q- F2) .II;E% which is
2 8 P
A
. ‘the weighted average of the ordered pairs. Then Y,, reduces to:
1 1 (-p)+¥% (1-p)
12 !"Pl o Pej Pl P2
Xy Xi0 , .
Notice that P1 = e and P2 = - gre ‘the original proba.bilit:t_es
I x I X | |
i 1
of selectioh. He then goes on to show that
, .
A N P. P P P Y v
1 %3 (1 =71 «"4") i it
= - and EST.
Var (Yu) Z(i:; Te - Pi = Pi') Pi ?;‘.‘

A Ll-ﬁ)él-Pi')gl-Pi-Pi") i nr\?




This meﬁh@d has the desirable features that:
(1) P; and P;: are the probabilities of selection for onme unit.

' (2) Calculations for computing the estimators are not very cumbersome.

(3) It is a workable procedure for practicel use, i.e., sample seléction‘

methods are straight-forward.
The wethod will now be extended to the two stage case. To illustrate,
" suppose we wish to estimate the number of fruit on a tree b& selecting two
primaries, and within each selecting two terminals.

N = The number of primary scaffolds in the tree. i = 1.., N
X
i : |
By = '"; = the size of the ith primary divided by the sum of the
1
primary sizes.

M, = The number of terminal sampling units in the 1®™h primary unit.
X,

1 .
Tyy = 'ﬁ"“)‘ = the size of the jth terminal divided by the sum of the
5 .
Y terminal sizes in the iR primaxy.
J
A 1 il (L -m.,) + Yi2 (1 -T..) .
=3 oy e i2 et 1 d 3
Xy T2 =Ty - Tio) \ T11 Tin i is the estimated

total number of fruit in the ith primary, and yiJ is the number of fruit in

the jth terminal of the ith primary.

A A
A ' Y ¥ f
1 1 (1-8) + %2 (1-%)
Then Y = toe—e = ——— 1
~ ? N2
(1 -B1) (1 -32) (1 -B1 -BD) 1 . T2
EST. Var ¥ = B =8, - &2 5 & +
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1 (1% a-T) -T2 - T - T _3_’_1_3:___1{;__2_2
(E‘- Bl -»325 8y 2 =Ty = To) SEl Tll le
1 -5) (- Tel) (3 - To2) (1 - To1 - Top) /Y21 Yop 2
(-8 - &) 2 (2=T = Tpp)2 T Top

This procedure can be extended to include more than two units at each
stage of sampling. To derive on estimator when more than two units are
selecfed, list all possible ordered estimmtors and the probabilities of
getting the respective ordered éamples. Then form the welghted average of
the ordered estimators.

The scheme can then be extended to include several stages of sampling.
For example, a three stage sampling scheme could be trees within blocks,
primeries within trees, and terminals within primaries. The first step
would be to derive an estimator for each primary as illustrated in the two
stage case. Then the tree estimator is based on those for primaries, aga;tn
as illustrated in the two stage case. The final step is then to combine
the tree estimators to obtain the block estimator. In genersl, one would

gtart with the finsl stage of selection and work back to the first stage.

- e
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2. Simplication of Estimators for Equal Probability Sampling
An interesting comparison between this estimator and the usual estimator
for equaﬁ. probability sampling c;an be made. Using the single stage estimator

for n = 2 to illustrate, we have

A 1 Y1 (L -P,) + Y2 (1«2
=T -7 | B T
1 1
. If the sample was selected with equal probabilities, Pq = J and Pp= § -
1 1 1
A = =
Then Y= (p.1. (2 (1-T + 22 (1-W
N\ L i
N

N ' N
= 3N ~ 1) ((N - 1) (yg + }’2)) = 35 (¥, + yp) vhich is the unbiased

estimate of the population total based on equal probebility sampling.

] 2
A 2 - -
Similarly for Var (Y) = § . P.i Fy (i P}E Pé) i Yy
13 (2P - ?y) P{ Py

we can assume equal probability sampling and get

N - N

N:E (2) 2 N-2 ( N \2~ (2)

3N = 1L - = =T N1l - S y
{ . ) %ﬁ (3 = ¥3) 2(N = 1) ) T v % Yy Y,
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N
(2) N o, N 5
The identity 5;.- Yy ¥y = z A Q ¥;) reduces this to
. i . :
N - 2 g | -2 2
2 (W - 1) <Nz ¥4® "(Zyi)é) = Na'g"———l(zyl "(Zyi /N

which is #%the usual veriance term for simple random sampling when n = 2.
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. 3. A.Numerical Example

An example has been worked out to illustrate how to compute the necessary

. J
probabilities and the variance estimates. The basic data was obtained for a

cherry tree in Michigan. A total count by terminal limbs was made jof all

of the fruit in the tree along with CSA measurements for every sampling unit

(terminal limb). The data and size measurements are presented in ?éble 1

which ineludes the different probabilities of selection. |
Two sets of probabilities of limb selection were computed. Suppose

that 431 of the terminal limbs in the tree were randomly arrayed disregardihg

_which primary they belonged to. Then select & sample of two limbs. This

represents a single stage sampling scheme. The probability that any terminal
14 pédeeted on the first draw is the terminal CSA divided by the sum of all

terminal CSA's. This is designated as Zij in the Table. Note that

N M

}5- E: 3.;;,1 = 1,

In order to select a sample from such a single stage frame it is
necessary to have a size measurement of every terminal limb in the tree. This
can be avoided by éelecting the sample in two steges. First obtain 8 sample
of pr&maries =« will usually only be one or two. Then within each selected h
primary draw a sample of terminal limﬁs. The selection process in each priﬁary
is done independently of the other primaries. This has a distinet advantagé
over the sipgle stage samplipg scheme because only the terminsl limbs withiﬁ
the seleéted primeries need be measured. The probability of any primary (Pi)
being sempled is the primary CSA divided by the sum of all primary CSA's.

The probability that any terminal is drawn from within a selected primary

‘1s the terminal CSA divided by the sum of the terminal CSA's in the same
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Table 1.~=Limb counts of cherries obtained from & tree with CSA's and probabil-
ities of selection, Michigan, June 1963.

C3k Prdbabilities of selection :  Merminal

Primary Terminal : i1 7 Bij Cfrudt ViJ -
Prim&ry : 9 Oll- . 266
Termingl 1 1.8 237 063 204
: 1.1 .1hs .039 343
. 1.7 .223 060 615
. 1.8 .237 .063 890
1.2 158 OL2 912
Primary 2 2.1 060
. .5 .333 .0L7 108
05 334 OLf 236
.5 .333 LOLT7 ‘ 26}
Primary 3 . 7.8 .222
. .3 .0ko 011 ' 11
. .9 122 .032 123
. .6 0ol .021 LT
K] <100 026 20k
.9 Jde2 .032 260
1.4 159 .0k9 ‘500
.9 122 .032 1319
1.6 216 .056 3&2 e
. l
Primary & . 5.8 165
. .9 .16k .032 175
: .6 .109 .021, 47
1.2 .21 Ol 321
.5 Q9L 017 153
1.6 ‘ 291 056 595
N . 127 .025 . 21k
Primary 5 : 10.0 285
: 1.7 .262 .060 302
: .9 138 .032 120
: 1.0 154 035 214
: 8 123 .028 153
: . 5 0077 '017 154
: 1.6 246 .056 302

Tree : 35.1 20,5 1.000  5.000 1.000 836k
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primary. ‘These probabllities are designated by Tij in Table 1. Note that
within each primary 2% Tij = 1.

J

The variance for the single stage case when n = 2 has been computed.

To simplify the notation let Aj; and Yij3 = By and Vi respectively.!‘Then

Y

- . 1Bk o By [ it |2 .
w0 - T hm G R <ﬁ£ W)

B, B L- % - % . % i +
172 (28 ~8) \% g, -

2
%) &, I o vz N
'%‘2‘ =By - EJ % T B

* o o o @
¢ & o o =

2
- By By [ Y Y

Bor By 5 Bor = Bop) B> " BB = 8,336,510

i
|

The variance for the two stage estimator when n = 2 has also been.
computed, For this case

A 5 X2 u

i o 2 1 1 Ti.i T13¢ (2 - T30 (vig | Jig*
VBJJ‘ (Y) = o Yoo- o+ k) -
Zi 7] 21: Pi e % 13 Ti:]' Tiy iy
= 11,821,341, This is greater than the single stage variance. Howeﬁer,

when éomparing the cost of obtaining counts and measurements of sampling units

i
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in the entife tree with that for one primary, the use of the two stage

egstimator becomes practical.

The veriances for the different estimators discussed are summerized

in the following Table. Basic data was available from four cherry trees
in Michigan,

Table l.e-Variances of equal and unequal probability estimators

Estimator  : Tree 1 : _dree 2 : Tree 3 : Tree L
Single stage :
P oneoz 17,504,043 22,482,837 20,970,672 2,082,903
PPS n = 2 : 8,336,510 5,322,750 14,077,800 2,695,190
™wo s (] :

One prim. PPS ; 11,821,341 6,200,724 16,502,077 2,505,862
T™wo prim. PPS :

“umber of fruit:
in trees . 8,364 13,250 11,311 3,352

[}

All trees except tree four show a smaller variance for the PPS esfimatoré.
Tree four showed a poor correlation between terminal limb size and number - |
of fruit.

In a typical situation, the only values available for calculating the

variance are those obtained from the semple. Suppose that terminals ¥13 and
Yys5 were selected.

A 1 Y13 (1 - Bys) + 45 (1 - Byo)
MY TTEz- A | T 7w >




1 615 (1L - .056) 4+ 595 (1 - .060)
=12 = .060 = .056) | 060 656 = 10,L437

A é 2
: _ (1 -%13) (1-845) (1~ B13.8ys) /T3 s\
and EST. Var (Y) = (2 = By5 - B45)2 . B13 Big % 31,065

Now to extend the problem to a twb stage case suppose that one primery
(say P3) was selected and then two terminsls within this primary are sampleé

(say y3p and y35). Then

Ay ‘1 Y30 (1L = Tog) + 38 (1 = Tan) | = 5.886
Y = =32 38) + X 32/ | = 5,80 .
Py BT - Tsg) | T3 T3y
2
ond EST. Ve (;‘) _oEs (=T 0. T) (1-T2-T38) [ Vs I3
* - P3 (2 - T32 - T3d)2 T3t5 - T32 =
1,110,900

Even %hough sampling was in two stages, the estimated variasnce only contains
one component because just one first stage unit was selected. If two

primary units and two terminals were chosen from each selected primary, then
the formulas for the estimated total and estimated variance will be as shown

on page O above.
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